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Stress Analyses of Laminated Thick-Walled
Cylindrical Anisotropic Shells

O-I1 Byon*
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A simple and accurate finite cylindrical element method is formulated for obtaining stresses and deformations
in laminated thick-walled cylindrical anisotropic shells. This method effectively reduces the three-dimensional
problem to a one-dimensional problem. The method is illustrated by the study of a thick-walled cylindrical shell
composed of graphite/epoxy, with a (90°5/0°5/90°5)s stacking sequence, subjected to an external uniform
pressure. It is found that significant tensile radial strains occur near the inner surface, which can cause a failure
of the shell. It is also found that these tensile strains are functions of the Poisson’s ratios of the composite
material. Therefore, in design, choosing materials with smaller Poisson’s ratios alleviates this problem.

Nomenclature
a = inner radius
[B]1, [Bnxl = strain matrices
Chn, C, = quantities defined in Eq. (3)
{d} = displacement vector
Ell, Ezz, E33 = elastic moduli
{F}, = nodal force vector

Glz, G]3, 623 = shear moduli
= thickness of cylindrical shell
i,i+1 = nodal surfaces
K1, K] = stiffness matrices
m,n = wave numbers in Fourier series

[N41,INsmn] = shape function matrices
IN,LINomn] = surface loads matrices

Pis Do = internal and external pressures

{ po} = uniform surface loads vector

Pxos Dyos Dzo = components of { py}

{p} = vector defined in Eq.(1)

Dys Py P = components of {p}

[0 = elasticity matrix

R = mean radius, a + h/2

r = Jast wave number of Fourier series
Sis Su = quantities defined in Eq.(3)
u,v,w = displacements in the x, y, z direction

V = potential energy

x, y(@, z = cylindrical coordinates
{6}, {6} = nodal displacement vectors
{e) = strain tensor

€ €y, €; = normal strains

Yxy» Yxz» Yy = Shearing strains

Vi, V13, 3 = Poisson’s ratios
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fo} = stress tensor
Oy, 0y, O = normal stresses

Txys Tazs Tyz = shearing stresses

Introduction

HE design of a composite material pressure vessel is

currently being considered for deep submergence research
vehicle applications. To implement such a design, a thick
laminate must be incorporated because of the high external
hydrostatic pressure. In general, the present state of the art for
design of thick-walled shells involves methods based either
upon the plane strain assumption, thin-walled shell theory, or
a three-dimensional finite element method.

Several texts (e.g., Comings!) have dealt with thick-walled
pressure vessels, but have provided only Lamé’s plane strain
solution for determining stresses and wall thickness. Vinson?
developed an analytical method for a shell with ratios of
wall thickness to mean radius as large as 0.5 and gave the
accurate explicit solution by use of elasticity solutions and
Legendre polynomials, or closely related functions. However,
his method was restricted to isotropic shells. Hyer? analyzed a
cross-ply graphite/epoxy cylinder with ratios of wall thickness
to mean radius of 0.1 and 0.2 subjected to an external hydro-
static pressure. His analysis was based on a generalized plane
deformation elasticity solution. He and his coauthors*’ also
presented solutions accounting for thermal stresses and defor-
mations in composite tubes. Peros® showed that a large Pois-
son’s ratio caused significant tensile radial strains in the
graphite/epoxy cylindrical shells under an external pressure,
resulting from hoop and axial compressive stresses. However,
his ‘‘smeared’’ analysis was at variance with his experimental
data. Furthermore, Vanderpool and Bert’ analyzed the reso-
nant vibration frequencies of a fiber-reinforced, thick-walled,
circular cylindrical shell of finite length.

Methods of analysis are developed herein for a very thick-
walled cylindrical anisotropic shell under external and/or in-
ternal pressures. The present theory does not employ any shell
theory assumptions, but uses the one-dimensional finite ele-
ment method. This requires a thick-walled cylindrical shell to
be divided into a number of thin cylindrical elements in the
through-the-thickness direction. Although a linear polynomial
is used in the finite element method in the radial direction,
orthogonal function series are used in the axial and circumfer-
ential directions. As a result, the assembled stiffness matrix
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size for the thick-walled cylindrical shell is relatively small
since this shell has subdivisions only in the through-the-thick-
ness direction and no subdivisions in the axial and the circum-
ferential directions.

Analysis

An anisotropic thick-walled cylindrical shell having an inner
radius, length, and thickness of @, L, and h, respectively, is
illustrated in Fig. 1. The origin of cylindrical coordinates is
located at any point on the inner radius surface and the
cylindrical shell is divided only into the radial direction with
an element that has a cylindrical shell shape, and is shown by
the hatched area in Fig. 1. When the cylindrical shell is simply
supported at both ends and is subjected to uniform surface
loads pyo, pyo, and p,o over the entire surface of cylindrical
shell, these surface loads are resolved into Fourier series as
follows:
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and can be rewritten in matrix form
ror
(P} = 20X WNownl{ Pomn ) = N1 po) )
m n
where
C,, = cos(mwx/L), C, = cos(nd/2)
S =sin(max/L), S, = sin(n6/2) (3a)

ul+l .UI+X wl+l

Fig. 1 Coordinate system and displacement parameters for the finite
cylindrical element formulation.
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[Npmn] = 0 SnCh (3b)
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Dzo

[Np] = {[Npllly [Np31]a mee [Nprl]9 L] [Npmn]a see s [Nprr]}

(3d

{po}” = [{por}7T, {Pos1}7s s tPon}Ts o
X {pOmn}T, [REI) {p()rr}r] (36)

In these equations, m and n have to be taken as odd numbers,
and the last number r is considered the same value in all the
series. If w),, Vi, Wha., uinl, vit! and wi}! are the dis-
placement parameters for a typical cylindrical element with
nodal surface i and i + 1, the displacement functions #, v, and

w for this cylindrical element are defined as

u

ror
(d) =9 v (=2 X Namn] (8} = [N, C)]

w m n

where

CpSpfi! 0 0

0 SpCr fit! 0 (52)
0 0 SpSp fit!

{‘Sman: {urinn’vjnn’ Wrinn, urin;]a vrinzl, Wr,;w-;z_l} (5b)

[Ngl = {[Nauls INasil, - s [Nanls - s [Namnd, . s [Na1}

(5¢)

s (0mn 3T, o, (8371
(5d)

()T =106037, (83137, oo s {8037, ..

fi: (zi+1 —Z)/(ZHI "Zi), fi+l - (Z _zi)/(zi+l _zi)‘ (56)

Each layer is assumed to be a monoclinic linear elastic mate-
rial. The constitutive equations for a lamina of a fiber rein-
forced composite material in terms of the x — y(8) — z coordi-
nate system are given as

(ox) = On Qi O 0 0 Q) (&)
o | = 10n On On 0 0 O €
o, | = |Qs On Opn 0 0 O €;
) Tyz (= 0 0 0 Q44 Q45 0 | r (62)

x| =10 0 0 Qs Oss O Yox
LTxy =106 O O 0 0 Ol |ve
_/ L 40
or
(o} = [Ql{e} (6b)

The strain-displacement relations for any elastic body ex-
pressed in cylindrical coordinates are given as .
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(72)
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_dw av ow. Y
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Substituting Eq. (4) into Eqgs. (7) results in
{E}ZEE[an]{fsmn}:[B]{ﬁl (8)
m n
where
-
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0 _ nf’S,S, SuSnf!
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The potential energy V neglecting the body forces can be
given as

V=%jv{6}r{0} dv—L{d}T{p}ds (10

Now substituting Eqs. (2), (4), (6), and (8) into Eq. (10) and
employing the Theorem of minimum potential energy, the
following equation is obtained:

[K1{6) - (F}, =0 an

where the stiffness matrix [K] and the nodal force vector
{ F},, due to the surface forces, are calculated as follows:

(K1 = |,[BIQI[B] dv

= Sv{[Bll]T’ [B31]T9 ey [Brl]T) LR [an]T’ e [Brr]T}[Q]

X {[Bul, [Bal, ... s [Bals oo [Banls ..., [Bl}dv  (12)
(F}, = [ [INJTIN,1{ o} ds

= [ Nal ™, Nl o Nl s Wil

X N 773 { INauds INgstds e > INanls e s Namas e s

X [Nar1} [ Po} ds . (13)

Since sine and cosine series are used in the displacement and
the surface force loads functions, it is found that due to their
orthogonality properties

[, [Bun)TION[B,yn ] dv = 0

{ [NGmn )T N1 ds = O

(formns=#m'n’) (14a)
(formn#m’'n’) (14b)

Therefore, all the off-diagonal matrices in the calculation
of Egs. (12) and (13) become zero and the entire matrix is
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uncoupled:

K1= LXKl = XX |, [Bund"[Q1Brad dv (15

m n m n

(F}p = L X Funly = 2 X | [Nann ] INpn1{ Pomn ) ds (16)

m n mon

It is now possible to solve the diagonal matrices for every m
and #n individually.
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Transforming this equilibrium equation for an element to the
entire system and summing up over the total cylindrical shell,
all equilibrium equations can be solved. Then these solutions
are summed. up for every m and n. This equilibrium equation
in the radial direction is enforced at the ply interfaces and thus
the method apparently has a significant advantage over two-
dimensional shell theories.

When the thick-walled cylindrical shell is subjected to only
axially symmetric loading—that is, an external pressure and/
or an internal pressure—an axisymmetric deformation may be
considered and the terms of v and d( )/90 stated above are
eliminated.

Results and Discussion
Convergence

By way of checking the formulation and the computer pro-
gram, the thick-walled cylindrical isotropic shells (A/R = 0.2

Table 1 Comparisons of nondimensional stresses and deflection ob-
tained with two mesh divisions in finite element method

h/R =0.2 h/R =0.5
20 Elem. 10 Elem. 20 Elem. 10 Elem.
02/pi
z/h =0.0 —0.965 -0.932 —-0.947 —0.899
z/h =0.5 —0.425 -0.479 -0.316 —-0.367
z/h=1.0 —0.019 —-0.037 -0.011 -0.023
Gy/pi
z/h =0.0 5.003 4.970 2.068 2.018
z/h =0.5 4.464 4.520 1.439 1.440
z/h=1.0 4.060 4.121 1.135 1.147
WE/p,'h
z/h =0.0 24.016 24.021 3.629 3.628
z/h =05 22.958 22.962 3.066 3.065
z/h=1.0 22.220 22.224 2.806 2.805
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Fig. 2 Circumferential stress in the inner element as a function of
number of terms in the series.

and 0.5), subjected to a uniform internal pressure p;, have
been analyzed by use of 10 and 20 cylindrical elements in the
finite element method, respectively.

To discuss the effect of mesh division on the numerical
results, nondimensional stresses o, ( = 0,/p;), 0,( = g,/p;) and
deflection w( = wE/p;h)at x = L /2 and # = n/2 calculated by
use of 121 terms (m,n = 1,3,5, ..., 19, 21) in every Fourier
series are shown in Table 1. Since the convergance of these
values, especially deflection, are given, 20 or 24 cylindrical
elements are used in the following results.

In Figs. 2 and 3, o, and w are plotted against r, the last
number of the Fourier series that is the same for m and n. The
overestimated values against the accurate one are obtained for
the case of the last wave number of the Fourier seriesr =1, 5,
9, ..., 21. On the other hand, the underestimated values are
obtained for the case of r =3, 7, 11, ..., 19. The averages of
the last and the next to last results efficiently give the conver-
gent values with fewer terms in the Fourier series. These
averaged values are plotted together with the over- and under-
estimated values. It can be concluded from these figures that
the convergent values are obtained when r is taken as 21;
. namely, the total terms in the Fourier series are taken to be
121. The following numerical results are expressed by use of
these averaged values and r = 21.

Comparison with Other Theories

To compare the present results with other approaches, the
results of thick-walled cylindrical isotropic shells (#/R = 0.2
and 0.5) with 20 elements in FEM and 121 terms in Fourier
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Fig. 3 Lateral deflection on the inner radius as a function of number
of terms in the series.
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series under an internal pressure p; are used. Since strain
components ¢, and ¢, in the present theory vary linearly in the
through-the-thickness direction, stress components gy, o,, and
o, are given as the average values over the cylindrical element.

All nondimensional variable quantities, o, = 0,/p;, o, =
0./p;, and w= wE/p;h are compared with Vinson’s? and
Lamé’s solutions in Table 2. For both #/R cases, it is clearly
seen that the present theory agrees extremely well with both
solutions. The displacements agree within 1%, and the stresses
on the inner surface agree within 5% because of taking the
average over the element. Hence, the present results are virtu-
ally identical with both analytical values.

Laminated Thick-Walled Cylindrical Shelis

A laminated thick-walled cylindrical shell of graphite/epoxy
(950/6000ST), consisting of (90°5/0°5/ 90°5)g layup, is consid-
ered here, in which 0 and 90 deg mean that the axis of the
unidirectional prepregs are parallel and perpendicular to the x
axis of the cylindrical shell, respectively. Each element in
the finite element method is considered, as the laminated
cylinder consisting of five identical layers and the unidirec-
tional prepregs have the following properties: E;; = 104.11
GPa, Ez;_ = E33 =9.65 GPa, GIZ = G13 =4.48 GPa, Gz3 =3.24
GPa, v, =»,3=0.30, vy3 =0.49. Three stress distributions along
the through-the-thickness direction for the shell with an inner
radius of 8.89 cm and an outer radius of 10.41 cm loaded by
82.7 MPa external hydrostatic pressure are shown in Figs. 4
and 5. These stresses are normalized by the absolute value of
the external pressure p,.

Table 2 Comparisons among present resuits: Lamé
plain strain solutions and Vinson’s results

h/R =0.2 h/R =0.5
Present Present
Vinson Lamé theory Vinson Lamé theory
o7/pi ‘
z/h=0.0 -1 -1 —0.965 -1 -1 —0.947
z/h =05 —0.425 -0.425 —0.425 -0.316 -0.316 -0.316
z/h=1.0 0 0 -0.019 0 0 -0.011
oy/pi
z/h=0.0 5.03 5.05 5.01 2.06 2.13 2.07
z/h=0.5 4.49 4.48 4.47 1.45 1.44 1.44
z/h=1.0 4.04 4.05 4.06 1.10 1.13 1.14
wE/pih
z/h =0.0 24.0 24.1 24.0 3.62 3.64 3.63
z/h =05 23.2 23.1 23.0 3.05 3.08 3.09
z/h=1.0 22.3 22.3 22.2 2.80 2.82 2.81
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Fig. 4 Nondimensional stress distributions in the through-the-
thickness direction.
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Fig. 5 Nondimensional stress distributions in the through-the-
thickness directien.
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Fig. 6 Radial strain distributions as a function of various Poisson
ratios.

Although o, in 90- and 0-deg layers show compressive and
tensile stresses, respectively, their summation in the through-
the-thickness direction becomes zero, indicating no resultant
force in the axial direction. The maximum compressive cir-
cumferential stress o, occurs in the 90-deg layer adjacent to the
inner surface, and its value is almost ten times that of the
external pressure. Since this stress is compressive along the
direction of fibers and is more than 850 MPa, there is a risk of
a compressive failure, for example, fiber kinking in 90-deg
layers closest to the inner surface. On the other hand, the
radial stress o, is supposed to change continuously from 0 on
the inner surface to 1 on the outer surface.

Next, the radial strain distribution ¢, along the through-the-
thickness direction is shown in Fig. 6. The maximum tensile
strain, 3380u, occurs in the O-deg layer closest to the inner
surface because of the compressive stress o, and comparatively
larger Poisson’s ratio »,;. This tensile strain decreases rapidly
to a compressive one at the outer surface. Since the tensile
strain causes delamination in the through-the-thickness direc-
tion, common design practice for the laminated composite
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structures will avoid high tensile loading and straining of the
laminate in the through-the-thickness direction.

To examine the effect of Poisson’s ratios on ¢,, two cases
are studied, in which all material properties are held constant,
except that the Poisson’s ratio are reduced to one-half and
one-quarter of the original values. The results are also given in
Fig. 6, together with the original case. The magnitude and the
range of tensile ¢, in both cases become smaller than in the
original case, even though o, and o, values hardly change.

This suggests that improved material design for lower Pois-
son’s ratios in composite materials is one of the means to
prevent the delamination in laminated thick-walled cylindrical
shells subjected to high external pressure loads.

Conclusions

A finite cylindrical element method requiring a thick-walled
cylindrical shell to be divided into a number of thin cylindrical
shell elements in the through-the-thickness direction is formu-
lated for obtaining stresses and deformation in laminated
thick-walled cylindrical anisotropic shells. The main features
of this approach, obtained through several numerical calcula-
tions, can be summarized as follows:

1} The present method is simple but accurate, and requires
small computer storage and little data input in the case of a
thick-walled cross-ply cylindrical graphite/epoxy shell.

2) When the thick-walled cylindrical shell laminated with
graphite/epoxy (950/6000ST) consisting of a (90°5/0°5/90°5)s
layup is subjected to an external hydrostatic pressure, the
significant tensile radial strain occurs in 0-deg layers closest to
the inner surface, and causes an interlaminar failure of the
laminated thick-walled cylindrical shell. Furthermore, there is
arisk of a compressive failure along the direction of fibers, for
example, fiber kinking in 90-deg layers closest to the inner
surface.

3) One useful approach in reducing this tensile strain, as
made clear by numerical calculations, is the use of proper
material design to reduce Poisson’s ratios in composite mate-
rial systems.

The effects of thermal residual stresses, the laminate angle,
and/or the constitution of the layup in composite material
systems on the design for the laminated thick-walled cylindri-
cal anisotropic shell is being studied at this time and will be
reported on shortly.
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